We present a rigorous numerical study of a Rayleigh nanoparticle sensing scheme using a whispering-gallerymode resonator and compare the results to a recent theoretical analysis. Our calculations confirm that the number of adsorbed nanoparticles is accurately proportional to the central spectral shift of the transmission spectrum. Moreover, our results show that when two particles are in proximity, so that each particle experiences the polarization field from the other, the induced secondary spectral shift remains small. Our calculations provide a basis for extending the sensing scheme to large particle influx regimes for real-world applications, such as the determination of the concentration of ultra-fine particles in arc welding, ambient atmosphere, combustion, or on-road aerosol due to traffic exhaust emissions.
INTRODUCTION
Accurate and real-time determination of nanoparticle numbers is critically important in many fields, such as biomedicine [1] , chemistry [2] , and environmental health [3] . For this purpose, robust measurement schemes with single-particle resolution for nanoparticle sensing are desired. In the past few years, whispering-gallery-mode (WGM) resonators [4] emerged as a promising configuration for detecting label-free nanoparticles, due to their high quality factors and the existence of a pair of degenerate WGMs [5] . The large electric field intensities associated with high quality factors result in enhanced, stronger interaction between the WGMs and the scatterers; the interaction, in turn, breaks the degeneracy between the two WGMs and yields observable effects on the transmission of coupling light. As a consequence, the transmission spectrum of the coupled WGM resonator fiber system is highly sensitive to the presence of nanoparticles. Based upon the nature of the scattering, two types of nanoparticles are of particular interest: (i) a plasmonic particle, such as a metallic particle or an on-resonant molecule that has a sharp resonance peak in the frequency range of interest, and (ii) a Rayleigh-type particle, such as a small dielectric scatterer (e.g., a polystyrene particle) or an off-resonant molecule that does not have a distinct resonance peak in the frequency range of interest.
Recently, a theoretical analysis indicated that the qualitative features of the transmission spectrum critically depend on the type of nanoparticles [6] . For Rayleigh particles, the transmission spectrum develops two transmission dips, i.e., mode splitting, due to the breaking of the degeneracy between the two WGMs [7] [8] [9] [10] , while for identical plasmonic particles, at most four transmission dips could emerge. More significantly, it was shown [6] that the number of adsorbed Rayleigh particles can be accurately determined from the transmission spectrum, while this is not possible for the plasmonic particles.
Specifically, the number of adsorbed Rayleigh particles is accurately proportional to the central spectral shift of the transmission spectrum. Such a number-resolving capability for Rayleigh particles, which relies only on the number of particles and not their angular positions, provides a robust detection scheme, as the information of the angular positions of the particles is often difficult to obtain. We emphasize that the number of adsorbed particles cannot be determined from the spectral separation between the two dips in mode splitting, which depends not only on the number of particles but also on their angular positions in a complicated fashion.
In this article, we perform a rigorous numerical investigation on the Rayleigh-type nanoparticle sensing schemes using WGM resonators. First, we numerically confirm the theoretical predictions in [6] that the number of adsorbed Rayleigh particles is accurately proportional to the central spectral shift of the transmission spectrum when no two particles are close to each other. Second, we address a critical but unanswered issue on the number-resolving capability of such a scheme when two nanoparticles are in proximity, which is important for real-world applications involving large particle influx. By examining the proximity effect when two particles are close to each other so that each particle experiences the polarization field from the other, we observed from numerical simulations that the secondary change in the central spectral shift induced by the proximity effect remains small, so that accurate determination of particle numbers remains feasible. The numerical investigation presented in this article establishes and extends the applicability of Rayleigh-type nanoparticle sensing schemes using WGM resonators.
THEORY
We start by briefly describing the principles of the detection scheme. A WGM resonator can support a pair of degenerate clockwise (CW) and counterclockwise (CCW) modes, which are described by two independent harmonic oscillators with a Hamiltonian H 0 ω c − iγ c a † a b † b. Here, ω c is the resonant frequency, and γ c is the intrinsic dissipation of each mode, including both material and radiation loss. a (a † ) and b (b † ) are the annihilation (creation) operators for the CCW and CW modes, respectively. When nanoparticles are adsorbed, the degeneracy of the two WGMs is broken so that the two modes can backscatter into each other, giving rise to two dips in the transmission spectrum. Such a mode splitting due to light-matter interaction has been experimentally observed [7, 9, 10] . In a typical experimental setup, the size of the Rayleigh nanoparticle is much smaller than the wavelength of the probing light, so the WGM field-nanoparticle interaction is well described by the dipole approximation:
where ⃗ E is the electric field of the WGMs, evaluated at the surface of the resonator, ⃗ d α ⃗ E is the dipole moment of particle, and α is the polarizability. For example, for a spherical particle with radius a, the polarizability is given by α 4πϵ 0 a 3 ϵ particle − ϵ medium ∕ϵ particle 2ϵ medium ≡ α 1 iα 2 . ϵ particle is the complex effective permittivity for the spherical particle, and ϵ medium is the permittivity for its surrounding environment. In general, the polarizability α is a complex number, with the imaginary part describing the radiation loss to the free space (α 2 < 0). The imaginary part also describes the intrinsic dissipation (α 2 < 0) or gain (α 2 > 0) processes due to the intrinsic material properties or external pumping.
E m e imθ is the field profile for the mth order of WGMs, and θ is the angular degree of freedom [6] . Therefore, the Hamiltonian describing N adsorbed particles located at fθ j g, j 1; ; N is given by
∕ℏ specifies the scattering power of the Rayleigh particles and has a unit of angular frequency.) The notable feature here is that the presence of the Rayleigh particles modifies the resonant frequency as well as the dissipation rate (thus the line width of the transmission dips) of the system. The last two terms involving b † a and a † b describe the backscattering between the two WGMs. The proximity effects, i.e., the direct scatterings between particles, are neglected here, which will be justified below. The primary predictions from Eq. (1) are as follows: (i) The central spectral shift SN ≡ jΩ c − ω c j is exactly proportional to the number of particles adsorbed, regardless of the imaginary part of the complex polarizability α. For positive (negative) α 1 , the spectrum is redshifted (blueshifted).
(ii) The characteristics (e.g., width, location, and spectral separation) of the two transmission dips crucially depend on the parameters of the system, such as the angular positions and the dissipations of the particles; Ω c , however, remains to be the center of the two transmission dips and can be determined by the average location of the two dips.
MODELING A. Computational Geometry
We simulate the system in two dimensions using a full-vectorial finite element solver [11] . The computational geometry consists of a WGM resonator placed in the x-y plane, with an inner and an outer radius of 14.0 μm and 15.0 μm, respectively. The resonator is coupled to a 1.0 μm wide tapered fiber, with an edge-to-edge distance of 1.3 μm. Both the resonator and the fiber are made of silica with a refractive index of 1.45. The background is vacuum or air (refractive index 1). The nanoparticles are polystyrene particles with a radius of a 30 nm and a refractive index of 1.57. For two-dimensional structures uniform in the z-direction, the eigenmodes can be decomposed into TM and TE polarizations. In TM mode, the only nonzero electric component is E z , while in TE mode, the only nonzero magnetic component is H z . When no particle is adsorbed, the numerical results show that the resonator exhibits an extremely high quality factor Q larger than 10 6 for both TM (WGM order m 82) and TE (m 80) modes at 1.5 μm wavelength of the coupling light. The system is operated in the undercoupling regime to get a sufficiently high quality factor. The resonant frequencies between the TM and TE modes differ by 0.63 THz, which corresponds to 4.7 nm. We note that here only the real part of the polarizability α 1 is specified via the refractive index, i.e., no intrinsic dissipation or gain is assumed. The radiation loss to free space gives rise to an imaginary part of the polarizability, which is automatically included in the numerical simulations. Likewise, it is also not necessary to specify the radiation dissipation rate γ c of each WGM, which is automatically included in the numerical simulations. We also note that very efficient fiber-taper coupling to a high-Q resonator has been experimentally demonstrated [12] .
The theoretical analysis presented in [6] applies to both two-and three-dimensional geometry. In this article, we investigate the more viable two-dimensional case that allows a quantitatively accurate check. Such a two-dimensional investigation is also relevant to the three-dimensional scenario. The whispering-gallery modes can always be classified into modes symmetric (S) or antisymmetric (N) to a plane of symmetry [13] . These modes on the symmetry plane are exactly the TE and TM modes, respectively, when the wave vector of the modes does not have a component in the direction perpendicular to the symmetry plane. Moreover, in practice, the electromagnetic fields for these modes are in fact well confined and concentrated to the symmetry plane (or equatorial plane), and thus these two WGMs exhibit quasi-TE and quasi-TM field structures [13, 14] , which could be described by an appropriate two-dimensional structure.
B. Numerical Results: Transmission Spectra
Having introduced the computational geometry, we now explore the transmission spectra with different numbers of adsorbed particles. To ensure the convergency of the solutions, finer meshes (i.e., more finite elements) are employed until all transmission spectra converge and stabilize. We first consider the TM mode case, wherein the proximity effect does not exist (as the electric field is in the z-direction), and thus provide a direct check for the theoretical prediction. Figure 1(b) (left  panel) plots the transmission spectra due to the adsorption of consecutive particles. Numerically, we have observed that the widths of the two transmission dips become broadened as the number of particles N increases. We have also observed that Ω c is redshifted by an amount SN that is precisely proportional to N, as indicated by the arrow. Also plotted is the frequency separation ΔN between the two transmission dips, which is not proportional to N, as it also depends on the angular positions of the particles. Ω c , however remains the same for the same number of adsorbed particles, regardless of their angular positions. For example, the last two fiveparticle cases in Fig. 1(a) have the same Ω c but different Δ. Next, we investigate the TE mode case. The transmission spectra are plotted in Fig. 1(b) (right panel) . Again, the two transmission dips are broadened and the center of each spectrum Ω c is redshifted by an amount SN that is precisely proportional to N (Fig. 1(c), right panel) . As a result of the linearity, the number of adsorbed particles N can be accurately determined by measuring the central spectral shift SN and divided by the slope, which can be determined either from a linear fitting or from a controlled single-particle measurement. The oscillations in ΔN in both cases are due to the dependence on the angular positions. Also, when N 1, the high-frequency (right) dip in the TM mode case is not shifted and is always located at Ω c , whereas the dip shifts in the TE mode case [6] . All these phenomena are in good agreement with the numerical results.
C. Numerical Results: Proximity Effect
When two particles are in proximity, in addition to the external electric field, each particle experiences an additional field contribution from the nearby particle's dipole field. Accordingly, the induced dipole moment of each particle is slightly modified, which in turn induces a small change for the central spectral shift SN. To quantify the proximity effect between two particles with an edge-to-edge separation d, we numerically compute the spectral shift S2 0 . Here the number of particles is primed to indicate that the proximity effect is included. When two particles are well separated (d ≫ a), the proximity effect diminishes and one expects that S2 0 approaches S2 [2S1]. Figure 2 plots the ratio of S2 0 ∕2S1. Numerically we observed that the ratio is essentially 1, when d is larger than 4a. Moreover, the ratio decreases monotonically as d decreases but always remain close to 1. When two particles touch (d 0), the deviation is ≃1.8%. We conclude that the proximity effect remains small throughout the entire range of d, and the number of particles can be determined within ≃1.8% deviation in general cases.
To gain a deeper physical understanding about the proximity effect, here we provide a heuristic description. We first note that for the geometry of interest in practical situations, the Rayleigh particles are essentially point dipoles. For two particles in proximity (d ≃ 0), by decomposing the external electric field into a direction parallel (E ∥ ) or perpendicular (E ⊥ ) to the axis connecting the centers of the two particles, it is straightforward to show that the effective electric field experienced by each particle increases for the parallel case (i.e., the dipole field contribution ΔE ∥ > 0), while it decreases for the perpendicular case (i.e., the dipole field contribution ΔE ⊥ < 0) [15] . Therefore, the contributions from parallel and perpendicular components to the induced secondary spectral shift have opposite signs and tend to partially cancel each other. Specializing the WGM resonator considered here for the TE mode with cylindrical coordinates ρ; θ; z, E ∥ is in thê θ-direction, and E ⊥ is in theρ-direction. By solving the mode analytically [16] (which was also checked numerically), we found that E ρ ≃ 1.6E θ and E z 0 at the surface of the WGM resonator (the direction of the electric field is indicated by the light blue arrows in Fig. 2) . Thus, the induced secondary spectral shifts from both cases partly cancel each other, yielding an extremely small secondary spectral shift. We note that the ratio S2 0 ∕2S1 when d ≃ 0 can be either larger or smaller than 1, relying on the precise values of E ρ and E θ , which in turn depend on the characteristics of the system, such as the dimensions and the materials. For the case considered here, S2 0 ∕2S1 < 1 when d ≃ 0. For three-dimensional geometry, the contributions from the parallel and the perpendicular electric field also tend to cancel each other, so the proximity effect remains small. In particular, when two particles are close to each other, the proximity effect gives rise to a redshift for E θ and a blueshift for E z and E ρ . As an example, for a three-dimensional WGM resonator with E z ≃ E ρ ≃ E θ , all contributions cancel each other and the net induced additional spectral shift is essentially negligible. The proximity effect has also been studied in [17] for the special case of a transverse field, which yields similar results.
CONCLUSION
In conclusion, we presented a rigorous numerical validation for accurate determination of the number of particles in nanoparticle sensing using a WGM resonator. Compared with other sensing techniques such as angle-resolved interferometry and optical coherence tomography, the mechanism described here is more robust, as it does not require detailed information regarding the angular position or shape of each particle. Moreover, it is shown that for the cases considered in this paper, the overall proximity effect of multi-particles can be approximated by the summation of the contributions from all pairs of adjacent particles.
a d E Fig. 2 . (Color online) S2 0 ∕2S1 as a function of d∕a. S2 0 is the central spectral shift including the proximity effect. S1 is the central spectral shift due to a single particle. The direction of the electric field of the WGM resonator is denoted by the light blue arrows.
